Abstract. For a prime l and an abelian variety A over a global field K, the l-parity conjecture predicts that, in accordance with the ideas of Birch and Swinnerton-Dyer, the Z l -corank of the l 8 -Selmer group and the analytic rank agree modulo 2. Assuming that char K ą 0, we prove that the l-parity conjecture holds for the base change of A to the constant quadratic extension if l is odd, coprime to char K, and does not divide the degree of every polarization of A. We deduce that without the base change it holds if, in addition, the analytic rank of A grows by at most 1 in this extension. Certain elliptic curve cases of the latter result were known; the techniques that permit arbitrary dimension include the étale cohomological interpretation of Selmer groups, the Grothendieck-Ogg-Shafarevich formula, and the study of the behavior of local root numbers in unramified extensions.
1. Introduction 1.1. The l-parity conjecture. The Birch and Swinnerton-Dyer conjecture (BSD) predicts that the completed L-function LpA, sq of an abelian variety A over a global field K extends meromorphically to the whole complex plane, vanishes to the order rk A at s " 1, and satisfies the functional equation
LpA, 2´sq " wpAqLpA, sq,
(1.1.1)
where rk A and wpAq are the Mordell-Weil rank and the global root number of A. The vanishing assertion combines with (1.1.1) to give "BSD modulo 2", namely, the parity conjecture:
" wpAq. Selmer groups tend to be easier to study than Mordell-Weil groups, so, fixing a prime l, one sets rk l A :" dim Q l HompSel l 8 A, Q l {Z l q b Z l Q l , where Sel l 8 A :" lim Ý Ñ Sel l n A is the l 8 -Selmer group, notes that the conjectured finiteness of the Shafarevich-Tate group XpAq implies rk l A " rk A, and instead of the parity conjecture considers the l-parity conjecture:
" wpAq.
(1.1.2)
Previous investigations.
In the elliptic curve case, the l-parity conjecture was proved for K " Q in [DD10, Thm. 1.4] (see [Mon96] , [Nek06, §0 .17], [Kim07] for some preceding work), for totally real number fields K excluding some cases of potential complex multiplication in [Nek13, Thm. A], for general number fields K and curves with an l-isogeny in [Čes12, Thm. Remark 1.10. As mentioned in §1.2, Trihan and Wuthrich have also considered the function field case of the l-parity conjecture in [TW11] . One of their main results is a special case of Theorem 1.9, which they prove for elliptic curves assuming in addition that, among other things, l ą 2 and p ą 3.
Before proceeding to outline the proof of Theorem 1.4 in §1.13, we record an auxiliary Theorem 1.11 (Corollary A.6). For an abelian variety B over a nonarchimedean local field k, let B kn and apBq be its base change to a degree n unramified extension and conductor exponent, respectively. The local root number satisfies wpB kn q " # wpBq, if n is odd, p´1q apBq , if n is even.
Remark 1.12. If F 1 {F is an everywhere unramified Galois extension of even degree of global fields, then, according to Theorem 1.11, for an abelian variety B over F one has wpB F 1 q " p´1q
where v runs over the finite places of F 1 .
(1.12.1)
Combined with the parity conjecture, (1.12.1) predicts that rk B F 1 " ř v∤8 apB F 1 v q mod 2. Equation (1.12.1) is also the main reason for the passage to KF q 2 in Theorem 1.4: over K itself, even with the explicit formulas in the elliptic curve case, the local root numbers are difficult to handle.
1.
13. An overview of the proof of Theorem 1.4. The main idea is to interpret the l-Selmer group as an étale cohomology group following [Čes13b] , use the Grothendieck-Ogg-Shafarevich formula together with the Hochschild-Serre spectral sequence to express the l-Selmer parity as a sum of local terms, and then compare place by place with the expression of the global root number as a product of local root numbers. Although the key computation contained in §4 is short, additional arguments are needed to augment it to a complete proof:
‚ Due to possibly nontrivial Galois action, the Hochschild-Serre spectral sequence relates the étale cohomological l-Selmer group to the Grothendieck-Ogg-Shafarevich formula only after a large constant extension. As we explain in §2, the self-duality of Galois representations furnished by l 8 -Selmer groups descends the l-parity conclusion to KF q 2 .
‚ For the main idea to be relevant, in §3 we reformulate the l-parity conjecture in terms of lSelmer rather than l 8 -Selmer groups. Special care is needed if l " 2, since Shafarevich-Tate groups need not be of square order even when they are finite and A is principally polarized.
‚ In the presence of local Tamagawa factors divisible by l, the l-Selmer group may differ from its étale cohomological counterpart. Arithmetic duality results proved in § §5-6 control this difference modulo 2 through Theorem 6.6. The l " 2 case again leads to complications due to the difference between alternating and skew-symmetric pairings in characteristic 2.
‚ The comparison of the Grothendieck-Ogg-Shafarevich local terms and root numbers is possible due to Theorem 1.11, which emerged from the structure of the overall proof of Theorem 1.4 and, along with related local results, is treated in Appendix A.
Results that are auxiliary for the proof of Theorem 1.4 are recorded in the course of the discussion in various sections and then used in §7 to finish the proof.
1.14. Notation. For a field F , its algebraic closure is denoted by F ; when needed (e.g., for forming composita), the choice of F is made implicitly and compatibly with overfields. If F is a global field and v is its place, then F v denotes the corresponding completion; if v is finite, then O v and F v denote its ring of integers and residue field. For a prime l and a torsion abelian group G, we denote by Grl 8 s and G nd its subgroup consisting of all the elements of l-power order and quotient by the maximal divisible subgroup, respectively. In the G " Grl 8 s case, we say that G is Z l -cofinite if HompG, Q l {Z l q is finitely generated as a Z l -module. 2.1. Pontryagin duals of l 8 -Selmer groups. For an integer m ě 1 and an abelian variety B over a global field F , the finiteness of the m-Selmer group 2 Sel m B entails that of XpBqrms. Consequently, XpBqrl 8 s is Z l -cofinite for every prime l; combining this with the Mordell-Weil theorem, we see that so is Sel l 8 B, whose Z l -corank, rk l B, is also the Q l -dimension of
If XpBqrl 8 s is finite, then X l pBq -BpF q b Z Q l and most results of this section become obvious. Their utility is in bypassing such finiteness assumptions in the proofs of further results.
For proximity to [DD09b, Thm. 2.1], in Theorem 2.2 we temporarily deviate from the notation above.
Theorem 2.2. Fix a prime p and an abelian variety A over a global field K. If p ‰ char K, then for every finite Galois F {K the representation X p pA F q of G :" GalpF {Kq over Q p is self-dual.
Proof. The proof given by T. and V. Dokchitser for the corresponding statement in the number field case, [DD09b, Thm. 2.1], requires only minor modifications that we indicate below.
The argument of loc. cit. is based on [DD10, Thm. 4.3], which is also written in the number field context but extends to global fields with the same proof as long as one restricts to isogenies of degree prime to char K. This restriction is needed for [Mil06, I.(7.3.1)] to apply, 3 but not for [DD10, Lemma 4.2], whose proof continues to give the same conclusions for arbitrary isogenies between abelian varieties over global fields. In particular, the claims in the second paragraph of the proof of [DD09b, Thm. 2.1] about the multiplicativity and the p-part of Qpf q hold in this generality.
With the p ‰ char K restriction, the proof of [DD09b, Thm. 2.3] carries over as follows. Since A and A _ are isogenous, X p pA F q -X p pA _ F q as Q p rGs-modules, so Zarhin's trick reduces to the principally polarized case, in which, with the above extension of [DD10, Thm. 4 .3] at hand, the only necessary modification is to make sure that det φ, and hence also deg f φ , is prime to char K. This translates into a condition on the coefficients of Φ modulo char K, which can be satisfied simultaneously with the p-adic requirements because p ‰ char K.
As long as p ‰ char K, the proof of [DD09b, Lemma 2.4] requires no modification. Lemma 2.4. In the setup of §2.1, the map X l pB F 1 q Ñ X l pBq induces the second isomorphism in
Proof. In particular, the l-parity conjecture holds for B if and only if it holds for B F 1 .
Proof. Corollary 2.7. In Theorem 1.4, for every even n, (a) rk l A KF q n " rk l A KF q 2 mod 2, and (b) wpA KF q n q " wpA KF q 2 q.
Thus, to prove Theorem 1.4 it suffices to prove the l-parity conjecture for A KF q n for some even n.
Proof.
(a) Due to Theorem 2.2, for a 1-dimensional character χ of GalpKF q n {Kq, the χ-isotypic and χ´1-isotypic components of X l pA KF q n q b Q l Q l have the same dimension. Therefore, the sum over all χ with χ 2 ‰ 1 of χ-isotypic components is even dimensional, and it remains to note that by Lemma 2.4 the sum over all χ with χ 2 " 1 of such components is X l pA KF q 2 q b Q l Q l .
(b) Combine [DD09, A.2 (1) and (2)] with Remark 2.6.
Remark 2.8. Corollary 2.7 (b) can also be deduced from Corollary A.6. Corollary 2.9. To prove Theorem 1.4, it suffices to prove the l-parity conjecture for A KF q n for some even n under the additional assumptions that A has a polarization of degree prime to l, the GalpF q {F-action on H 1 et pS Fq , Arlsq is trivial, Φ v pF v q " Φ v pF v q for every place v of K, and, if l " 2, that also every #Φ v pF v q is odd.
Proof. Using Corollary 2.7 and the isogeny invariance of the l-parity conjecture, in Theorem 1.4 we replace K by KF q n and A by A 1 to reduce to the case when A acquires a polarization of degree prime to l over an odd degree Galois extension K 1 {K. Proposition 2.5 then allows us to pass to K 1 to get the desired polarization; a further constant extension gives the remaining desiderata.
Replacing l 8 -Selmer groups by l-Selmer groups
To facilitate the Grothendieck-Ogg-Shafarevich input to our proof of Theorem 1.4, in Proposition 3.6 we (implicitly) reformulate the l-parity conjecture by relating the l 8 -Selmer rank and the l-Selmer rank. A suitable polarization is handy for this-without it, controlling the parity of dim F l XpAq nd rls would become a major concern. In fact, even with it, this parity may vary in the l " 2 case, as Poonen and Stoll explain in [PS99] . As far as the proof of Theorem 1.4 is concerned, the goal of Theorem 3.2 and Lemma 3.4 below is to overcome this difficulty by proving that the said parity is even over every quadratic extension. Theorem 3.2 is a slight improvement to the main result of op. cit. Without this improvement, in the l " 2 case of Theorem 1.4 we would be forced to restrict to principally polarized abelian varieties, which were the main focus of Poonen and Stoll.
3.1. The Cassels-Tate pairing. For an abelian variety B over a global field F , let
be the Cassels-Tate bilinear pairing. For a self-dual homomorphism λ : B Ñ B _ , the pairing xa, by λ :" xa, λpbqy for a, b P XpBq is anti-symmetric [PS99, §6, Cor. 6]. Therefore, if λ is in addition an isogeny, then the pairing induced by x , y λ on XpBqrp 8 s is alternating for every odd prime p not dividing deg λ. In this case, since x , y is nondegenerate modulo the divisible subgroups, 4 for every p ∤ 2 deg λ we have
If λ is a self-dual isogeny of odd degree, then the validity of (3.1.1) for p " 2 is governed by xc, cy λ P t0, Theorem 3.2. In the setup of §3.1 with a self-dual isogeny λ of odd degree d, the claims of [PS99, §6, Thm. 8] continue to hold if everywhere in loc. cit. one replaces X nd by its subgroup X nd pd 1 q consisting of the elements of order prime to d. In particular, dim F 2 XpBq nd r2s " 0 mod 2 if and only if xc, cy λ " 0.
Proof. The only necessary change to the proof of loc. cit. is the indicated replacement.
Remark 3.3. Under the assumptions of Theorem 3.2, [PS99, §6, Cor. 9] continues to hold, too, with the same modification: one replaces X and X nd by Xpd 1 q and X nd pd 1 q throughout.
Lemma 3.4. For an extension F 1 {F of global fields, there is a commutative diagram
Proof. Combine the definition of the pairings, [PS99, §3.1], with the well-known commutativity of
Remark 3.5. Bjorn Poonen told us Lemma 3.4, which has also been observed by Adam Morgan.
Proposition 3.6. In Theorem 1.4, if A has a polarization of degree prime to l, then
Proof. For any prime l and an abelian variety B over a global field F , one has
For A KF q 2 , in addition, dim F l XpA KF q 2 q nd rls is even by (3.1.1), Theorem 3.2, and Lemma 3.4.
Remark 3.7. No generality is gained by requiring a self-dual isogeny instead of a polarization in Proposition 3.6 (or Theorem 1.4): for n P Z ą0 , if an abelian variety B over a field F has a self-dual isogeny of degree prime to n, then it also has a polarization of degree prime to n. Indeed, one knows that the degree function 5 deg : pNS BqpF q Ñ Z is a polynomial with rational coefficients on the lattice pNS BqpF q; consequently, deg modulo n is translation-invariant with respect to a sublattice, and it remains to note that the cone of polarizations spans pNS BqpF q.
The Grothendieck-Ogg-Shafarevich argument
Equation (4.1.1), which follows from the Grothendieck-Ogg-Shafarevich theorem, lies at the heart of our proof of Theorem 1.4. Its link to the l-parity conjecture is this: the right hand side has to do with root numbers thanks to Corollary A.6, whereas H 1 et pS, Arlsq is intimately related to Sel l A due to the results of [Čes13b] .
Proposition 4.1. In Theorem 1.4, suppose that there is an isogeny A Ñ A _ of degree prime to l and the GalpF q {F-action on H 1 et pS F q , Arlsq is trivial. Letting v range over the places of K, we have
where the Artin conductors apArls Kv q are defined by (A.2.2) (with k " K v and N " 0).
Proof. Since F q is of cohomological dimension 1, the Hochschild-Serre spectral sequence
et pS, Arlsq degenerates on the E 2 -page, and hence gives rise to a short exact sequence
where vpsq is the place of K lying below s and the right hand side local terms (which at first sight differ from those of loc. cit.) are explained by [Mil80,  Step 3 of the proof of V.2.1 (b)]).
Lemma 4.2. Let k be a nonarchimedean local field, let F be its residue field, let B Ñ Spec k be an abelian variety, let apBq and B F be its conductor exponent and the special fiber of the Néron model, and let Φ be the component group scheme of B F . For every prime l different from char F, one has
where the Artin conductor apBrlsq is defined by (A.2.2) (with N " 0).
Proof. Let I and pV l Bq ss be the inertia and the semisimplification of the l-adic Tate module. Then
Since the Swan conductor is additive and compatible with reduction mod l, it remains to note that
due to the identification of Brls I and pV l Bq I with B F rls and
Corollary 4.3. In Theorem 1.4, if A has a polarization of degree prime to l and the GalpF q {F q 2 qaction on H 1 et pS F q , Arlsq is trivial, then, letting w range over the places of KF q 2 , we have
where vpwq denotes the place of K below w. If, in addition, Φ v rls " 0 for all places v of K, then the l-parity conjecture holds for A KF q 2 .
Proof. Proposition 3.6 together with Proposition 4.1 (applied over KF q 2 ) gives
A v that is split (resp., inert) in KF q 2 contributes summands in pairs (resp., stays inert in KF q 4 ), so ÿ w inert in KF q 4
apArls Kv q mod 2.
Lemma 4.2 and Corollary A.6 give the remaining input to obtain (4.3.1), namely, they give the equality The combination of Corollaries 2.9 and 4.3 proves Theorem 1.4 for l " 2. Our main goal in § §5-6 is to lift the Φ v rls " 0 restriction for odd l: arithmetic duality techniques will help to analyze the right hand side exponent of (4.3.1) through Theorem 6.6.
Arithmetic duality generalities: comparing Selmer sizes modulo squares
The main goal of this section is to prove Theorem 5.9, which in §6 will specialize to the arithmetic duality input needed for the proof of Theorem 1.4. Theorem 5.9 generalizes [KMR13, Thm. 3.9] to the case of commutative self-dual finite group schemes over global fields from the case of selfdual 2-dimensional F p -vector space group schemes over number fields. Although its proof is loosely modeled on that of loc. cit., modifications to loc. cit. are necessary due to the char F | #G possibility when various cohomology groups are no longer finite. The simpler char F ∤ #G case of Theorem 5.9 suffices for the proof of Theorem 1.4, but it seems unnatural to confine the general techniques in this way. Consequently, Theorem 6.6 does not exclude the more subtle char F | n cases.
In the buildup to Theorem 5.9 we follow an axiomatic approach by introducing further assumptions as we need them. This way, in Proposition 5.6 we arrive at a generalization of [MR07, Prop. 1.3 (i)] that removes the self-duality, F p -vector space, and number field assumptions from loc. cit.
In this section and §6 all the cohomology groups are fppf. Identifications with étale or Galois cohomology are implicit. Likewise implicit is the Tate modification: we write H i pR,´q for p H i pR,´q.
5.1. The basic setup. Let F be a global field. If char F " 0, let S be the spectrum of the ring of integers of F ; if char F ą 0, let S be the connected smooth proper curve over a finite field such that the function field of S is F . Let U Ă S be a nonempty open subscheme. We denote by v a place of F and identify the nonarchimedean v with the closed points of S; writing v R U signifies that v does not correspond to a closed point of U (and hence could be archimedean). Proof. In the #G P ΓpU, OÛ q case, the Poitou-Tate sequence gives the claim once one explicates its morphisms and interprets the global cohomology groups as Galois cohomology with restricted ramification (for this interpretation consult, e.g., [Mil06, II.2.9]). To treat the general case we will use an extension of the Poitou-Tate sequence, namely, the compactly supported flat cohomology sequencë¨¨Ñ 
it remains to establish the commutativity of (:) (and of its analogue that has G and H inter- / / H 3 c pU,
This commutativity results from the definitions and the inspection of the proof of loc. q are open and compact, so the groups in the last display are finite and the conclusion follows from the fact that dual finite abelian groups have the same cardinality.
5.7. Breaking the symmetry. In the setup of §5.4, suppose that there exists an isomorphism θ : G Ñ H of U -group schemes such that the bilinear pairings
are antisymmetric. The cup product and (5.7.1) induce the top pairing in the commutative diagram
for v R U . The pairing x , y v inherits nondegeneracy and bilinearity from (5.1.1). The antisymmetry of (5.7.1) implies the symmetry of x , y v , as can be seen by using Čech cohomology (which in our setting agrees with the derived functor cohomology due to [Sha64, Thm. 1] 5.8. Quadratic forms. In the setup of §5.7, suppose further that there exist quadratic forms
such that for each q v the associated bilinear pairing is x , y v ; concretely, each q v is required to satisfy q v paxq " a 2 q v pxq for a P Z and q v px`yq´q v pxq´q v pyq " xx, yy v . Suppose also that ř vRU q v px v q " 0 for every x P H 1 pU, Gq with pullbacks
and that each Sel j pG Fv q Ă H 1 pF v , Gq is maximal isotropic for q v ; the latter requirement means that q v pSel j pG Fv" 0 in addition to the maximal isotropy of Sel j pG Fv q for x , y v .
Quadratic forms come into play only when #G is even: for odd #G, the equality xx, xy v " 2q v pxq determines q v , which satisfies the requirements (for (‹), use the reciprocity for the Brauer group).
Theorem 5.9. In the setup of §5.8, suppose (for simplicity) that Sel j pGq is finite for j P t1, 2u. Then
Proof. We will combine Proposition 5.6 with Lemma 5.9.2, which is a variant of [KMR13, Lemma 2.3]. Before stating Lemma 5.9.2, we introduce pV,"´À vRU H 1 pF v , Gq, ř vRU q v¯, whose associated bilinear form is x , y :" ř vRU x , y v . Since x , y is continuous and nondegenerate, it exhibits V as its own Pontryagin dual. The subgroups
are maximal isotropic for q: X and Y due to §5.8, Z due to (5.7.2), Lemma 5.3, and (‹).
Since Sel 1 pGq is finite, so is its quotient X X Z, and likewise for Y X Z. In V , both X and X X Y are open and compact, so D for x`y, x 1`y1 P pX`Y q X Z with x, x 1 P X and y, y 1 P Y is alternating due to the isotropy of Z, X, and Y : indeed, xx, yy " qpx`yq´qpxq´qpyq " 0. Due to its resulting antisymmetry, its right and left kernels agree; in particular, this common kernel K contains X X Z`Y X Z. Once we argue the reverse inclusion, as we do below, the nondegeneracy of the alternating bilinear pairing on pX`Y qXZ XXZ`Y XZ induced by r , s, and hence also the conclusion, follows.
For x`y as above, x`y P K implies x P ppX`Y qX Z`X X Y q K , where the orthogonal complement is taken in pV, x , yq. Since the appearing subgroups are closed, [HR79, 24.10] gives
so the freedom of adjusting x and y by opposite elements of X X Y allows us to assume that x P pX`Y q X Z Ă Z. Then y P Z as well, which leads to the sought x`y P X X Z`Y X Z.
According to Proposition 5.6, the right hand side of (5.9.1) equals #´S
which in turn equals #´p
and it remains to observe that 
Comparing Selmer sizes modulo squares in the main case of interest
In this section we specialize the results of §5 to the setup of Example 5.2, which we enforce and recall: B and B _ are global Néron models of dual abelian varieties B and B _ that have good reduction at all the points of U , and G " Brns U , H " B _ rns U for some n P Z ą0 . Our main task is to justify that under suitable restrictions on B various general assumptions made in §5 are met if the local conditions are chosen as in Example 5.5 (we recall the choices in Proposition 6.1). This justification leads to Theorem 6.6, which in §7 will finish the proof of Theorem 1.4. (a) For j " 1 and v R U ,
With these choices, Sel 1 pGq " Sel n pBq and Sel 1 pHq " Sel n pB _ q; both Selmer groups are finite.
(b) For j " 2 and v R U ,
under the assumption that B (and hence also B _ ) has semiabelian reduction at all v P SzU with char F v | n. With these choices, Sel 2 pGq is the subgroup H 1 pS, Brnsq 1 Ă H 1 pS, Brnsq consisting of the elements whose restrictions to every H 1 pF v , Brnsq with v | 8 lie in BpF v q{nBpF v q, and similarly for Sel 2 pHq; both Sel 2 pGq and Sel 2 pHq are finite.
Proof.
(a) The orthogonal complement claim is a well-known important step of the proof of Tate local duality, compare [Mil06, proof of III.7.8]. The continuity of the homomorphisms in The orthogonal complement claim is essentially [McC86, 4 .14], but we must check that (5.1.1) agrees with the pairing used in loc. cit. More precisely, due to the perfectness of the pairings in
and the exactness of the cohomology with supports sequencë¨¨Ñ
, it suffices to prove that (6.1.1) and its analogue for B _ rns commute. Let i : Spec F v ãÑ Spec O v and j : Spec F v ãÑ Spec O v be the indicated immersions. Both pairings in (6.1.1) are Yoneda edge products-the top one due to its definition and the bottom one due to the observations made in the proof of Lemma 5.3-so the commutativity of (6.1.1) will follow from that of Proposition 6.3. Let θ : Brns U Ñ B _ rns U be the isomorphism induced by a self-dual isogeny r θ of degree prime to n, and let b be the duality pairing of §5.1 for G " Brns U and H " B _ rns U . , and α " β " r θ to obtain respective equalities in the desired bp´, θp¨qq " b _ pθp´q,¨q "´bp¨, θp´qq.
6.4. Suitable quadratic forms q v . Suppose that the assumptions of Proposition 6.1 (b) are met and that there is a self-dual isogeny r θ 1 : B Ñ B _ of degree prime to n. Consider the self-dual isogeny r θ :" # 2 r θ 1 , if n is odd, r θ 1 , if n is even, which also has degree prime to n. The self-dual isogeny λ :" n r θ comes from a symmetric line bundle L on B due to [PR12, Rem. 4.5], so the results of [PR12, §4] apply. In particular, for v R U , we can use the pullback L v of L to B Fv to define the quadratic form
/ / Q{Z, where we take the negative of the quadratic form H 1 pF v , Brλsq Ñ H 2 pF v , G m q provided by loc. cit. (d) Set n 1 :" n if n is odd, and n 1 :" #Φ v pF v q if n is even. By [Čes13b, 2.5 (a)],
Thus, (b) gives n 12 q v pxq " 0. On the other hand, x , y v vanishes on H 1 pO v , Brnsq due to (a) and §5.7 via Proposition 6.3, so 2q v pxq " xx, xy v " 0. Since n 1 is odd, we get q v pxq " 0.
Theorem 6.6. Let n be a positive integer, B an abelian variety over a global field F , and B Ñ S its global Néron model. For v ∤ 8, let Φ v denote the component group scheme of B Fv . Suppose that (i) B has a self-dual isogeny r θ 1 of degree prime to n,
(ii) B has semiabelian reduction at every nonarchimedean place v of F with char F v | n, and (iii) If n is even, then #Φ v pF v q is odd for every nonarchimedean v. Proposition A.3. In the setup of §A.2, for the restriction ρ 1 | kn of ρ 1 to W pk s {k n q one has ǫpρ 1 | kn , ψ˝Tr kn{k , dx n q " # ǫpρ 1 , ψ, dxq n , if n is odd, p´1q apρ 1 q ǫpρ 1 , ψ, dxq n , if n is even.
Here dx n denotes the Haar measure on pk n ,`q characterized by ş on dx n " p ş o dxq n .
Proof. For the ǫ 0 -factor appearing in (A.2.1), the inductivity in degree 0 gives ǫ 0 pρ| kn , ψ˝Tr kn{k , dx n q " ǫ 0 p1 kn , ψ˝Tr kn{k , dx n q dim F ρ¨ǫ 0 ppInd pn´1q Sw ρ¨ǫ 0 pρ, ψ, dxq n ǫ 0 p1 k , ψ, dxq n dim F ρ . (A.3.2) Let npψq denote the largest integer n such that ψ| π´no " 1, where π P o is a uniformizer. Since k n {k is unramified, npψ˝Tr kn{k q " npψq by [Del73, §4.11]; we use this in the computation ǫ 0 p1 k , ψ, dxq n "ˆ´p#Fq A.4. Root numbers. Assume that F " C and ş o dx P R`in §A.2. The root number of ρ 1 is wpρ 1 , ψq :" ǫpρ 1 , ψ, dxq |ǫpρ 1 , ψ, dxq| .
It does not depend on the choice of dx as long as ş o dx P R`. If det ρ is R`-valued, then wpρ 1 , ψq does not depend on the choice of ψ either, thanks to the formula [Del73, 5.4] . In this case we abbreviate wpρ 1 , ψq to wpρ 1 q. If B is an abelian variety over k, then Ź 2g H 1 et pB, Q l q -H 2ǵ et pB, Q l q -Q l p´gq, so the independence of ψ is witnessed if ρ 1 is the complex Weil-Deligne representation σ 1 B that one associates to H 1 et pB, Q l q -pV l Bq˚for a prime l different from p using Grothendieck's quasiunipotence theorem and an embedding ι : Q l ãÑ C. By [Sab07, 1.15], the isomorphism class of σ 1
does not depend on l and ι, 8 and hence neither does the root number of B defined by wpBq :" wpσ 1 B q. Due to the Weil pairing, the presence of a polarization of B, and [Del73, 5.7 .1], wpBq P t˘1u.
Corollary A.5. For a Weil-Deligne representation ρ 1 of W pk s {kq over C such that det ρ is R`-valued and wpρ 1 q is an m th root of unity, wpρ 1 | kn q " p´1q apρ 1 q for every even n divisible by m.
Proof. Combine Proposition A.3 with the discussion in §A.4.
Corollary A.6. Let B be an abelian variety over k, and let apBq be its conductor exponent. Then wpB kn q " # wpBq, if n is odd, p´1q apBq , if n is even.
Proof. Combine Proposition A.3, the discussion in §A.4, and the equality apBq " apσ 1 B q that results from the definitions (for which one can consult [Ser70, §2] ).
Remark A.7. For elliptic curves, excluding the troublesome additive reduction case if p ď 3, one can also prove Corollary A.6 by the means of explicit case-by-case formulae for wpBq and apBq.
